Ergodic Theory - Week 11

Course Instructor: Florian K. Richter
Teaching assistant: Konstantinos Tsinas

1 Spectral theory of measure-preserving systems

P1. (a) Let (X,B,u,T) be a measure preserving system and let f € L?(X) be an eigenfunction
with eigenvalue e(«) for some o € [0,1). Calculate the spectral measure 5 of f.

Solution: For any n € N, we use the spectral theorem to get
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Since linear combinations of trigonometric polynomials are dense in the space of contin-
uous function, we deduce that
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for all continuous functions g. Approximating the characteristic function of an open
interval by a continuous function, we get that (1) holds when g is the characteristic
function of an interval. We deduce that yr(A) = || f||304(A) for all open intervals, which
implies that this also holds for all Borel sets (since their o-algebra is generated by open
intervals). We conclude that ur = || f|[30a(z).

P2. Find an eigenfunction and a weak-mixing function for the system (T?, B(T?), my2,T), where
T(xz,y) = (x +a,z+y), for some o € [0,1). Do the same for the system on the same space but
with the map S(z,y) = (z + «, 2y).

Solution: Notice that for all n > 0,
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We consider the functions f(z,y) = e(x) and g(z,y) = e(y). It is easy to see that f is an
eigenfunction:
Tf(z)=e(x+ a) =e(a)e(x).

On the other hand, g is weak mixing since for any n # 0, we have
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and the claim follows by averaging over all n € N.
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An entirely similar calculation shows that the same functions f, g are an eigenfunction and a
weak-mixing function respectively for the second system.

P3. Given a measure-preserving system (X, B, u, T), show that for any f,g € L?(X) with f weak-
mixing, f ® g € L?(X x X) is weak-mixing.

Let f,g € L?>(X) and suppose that f is weak mixing. For any N € N, using Cauchy-Schwarz
inequality, we have that

1 N—

T xT)(feg)- T8 (uxu‘
XxX

T”f-fduH/XT”g-gdu’

T"f-fd,u‘.
b's

By taking the limit as N — oo, since f is weak mixing, it follows that
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showing that f ® g is weak mixing with respect to T" x T.

P4. Let (X, B, u,T) be a measure preserving system and consider the space

H.=span{f € L?(X): f is an eigenfunction}.

Show that if f € H,, then the closure of the orbit {UZf: n € N} in the L?(X)-norm is compact
(for this reason, functions in H, are called compact functions or almost-periodic functions).

Hint: By completeness, it suffices to show that the orbit {U}.f: n € N} is totally-bounded: for

any € > 0, there exists a finite collection of functions in g1, ..., gm € L?(X), such that
min ||{UZf — g; <e.
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Let f € H. and we want to show that the orbit closure {U} f: n € N} is compact in the topology
induced by the L?*-norm. Following the hint, it suffices to show that the set {URf: n € N} is
totally bounded.

First of all, assume that f is a finite linear combination of eigenfunctions:
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where ¢; € R and h; are eigenfunctions with Urh; = A\;h;. We deduce that
UEf =Y cidtgi
i=1k
for all n € N. We set C = [c1]||g1ll2(x) + - + [erlllgrll 2 x)

Let ¢ > 0. We consider an £/C-dense set of points .A. on the unit circle S!, that is a set such
that for any point z € T, there exists a point on A., whose distance from z (in the complex
plane) is at most £/C' (to construct such a set, take the L-th roots of unity for some L > Ce~1).




We also consider the set A’g and observe that for any point z € S’f, there exists a point u € A.,
such that ||z — u|| < &/C, where we define the norm on C* by
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For every point u = (uy,...,us) in A¥, we consider the functions
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We will prove that the balls with radius € centered on these functions cover the orbit of f.
Indeed, let n € N. There exists u € A’g depending on n, such that
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Using the triangle inequality, we have
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Now assume that we have an arbitrary function in H.. We deduce that there exists a function
fe that is a finite linear combination of eigenfunctions, such that || f — fel|z2(x) < €/2. By the
previous argument, there exist functions g, ..., gm € L?(u), such that
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Using the triangle inequality, we deduce that

lgzl.fganU%f = Gillexy < NURf = Upfellrex) + lgfganU:TrLfa = gill2(x) <e.

The conclusion follows.



